Introduction
Optical fibres are a true representative of the remarkable advancements and speed of adoption and commercialisation of technology in recent decades. Propelled by the invention of the laser in 1960, these tiny waveguides quickly spread from the scientific laboratories into the everyday life: Internet, medical diagnostics, sensors in food, transport, oil and other industries, decoration. Application of fibres relies on possibility of controlling the propagation of light through them which has initiated invention of a range of accessories and fibre-based devices. This chapter is dedicated to a widely exploited group of fibre devices called long period gratings. In general, grating is a periodic change in the refractive index profile along the fibre. Depending on their periods gratings are divided into: fibre Bragg gratings (FBGs) with periods comparable to the wavelength of the guided light and long period gratings (LPGs) with periods ranging from several tens to several hundreds of microns. The former reflect narrow bandwidths and are therefore used as band rejection filters in transmission or retro reflectors. LPGs were first designed to mend the problem of back reflection in FBGs that appears to be detrimental in some applications, e.g. gain equalizers, . Due to the dependence of their spectral bands on external parameters both types of gratings are now widely used in sensing technology. In addition to inherited advantages of fibre sensors such as simplicity of interrogation schemes, compactness, multiplexing capability and non-obtrusive interaction with living tissues, gratings exhibit very high sensitivity and localisation of the parameter change, which makes them suitable for biomedical diagnostics, remote sensing in oil, food and pharmaceutical industry and radioactive environments, as well as build-in sensors in transportation. Advanced laser processing techniques along with mechanical and chemical methods allow for fabrication of LPGs in practically any fibre regardless of its index profile and material composition, Fig. 1a )-c). Therefore, it is not surprising that the major novelty in fibre industry -the photonic crystal fibre (PCF) (Knight et al., 1996; Russell, 2003) , was quickly embraced as a new medium for grating fabrication. Different guiding principle of PCFs introduced new features to LPGs, which opened up new possibilities for sensing applications. For example, the LPG reported in (Dobb et al., 2004) can solve the problem of cross-sensitivity to temperature. Namely, in most grating sensors variations in temperature contribute to the signal in the same way as the changes in other parameters, hence various compensation schemes have to be employed which increases the complexity and cost of the sensor. LPGs fabricated by Dobb et al. in endlessly single mode (ESM) PCF by an electric arc are not sensitive to temperature, while they are sensitive to strain, bending and refractive index and therefore represent a simple solution to this problem. It should be noted that the more complex sensors have been reported in which the sensitivity of an LPG to a few parameters has been used for their simultaneous sensing. LPGs in PCFs have also found applications in microfluidics devices. For more information on LPG sensors see (James & Tatam, 2003) . In order to fully understand and exploit the potential of LPGs in PCFs the theoretical study and practical models are needed. Naturally, the consideration is based on previous independent extensive studies of LPGs ; Kashyap, 1999; Othonos & Kalli, 1999) and PCFs (Birks, 1997; Russel, 2003) , to name just a few . The coupled-mode theory (CMT) of fibre gratings has been the most widely applied model of LPGs, largely due to the relatively simple physical picture based on the phase matching condition. Due to the complex geometry of PCF, accurate simulations of the mode profiles of PCFs require numerical methods, while analytical methods imply calculation of the effective refractive index of the photonic crystal (Park et al., 2006) . Various numerical methods have been successfully applied: plain wave expansion method (Ferrando et al., 1999) , beam propagation method (Eggleton et al., 2000) , full-vectorial finite difference method (Zhu et al., 2002) , finite element method (Uranus & Hoekstra, 2004) . In this chapter a method based on conjuncture of CMT and finite elements that allows for analysis of spectra and sensitivity of LPGs in PCFs of various geometries is presented. Section 2 introduces the physical model of LPG and its numerical implementation, and is followed by a detailed example of the application of the model to the temperature www.intechopen.com insensitive LPG in Section 3. The analysis of the grating spectrum and resonant modes is further used to calculate grating sensitivity to temperature and strain. The final subsection is dedicated to the application of the model to reverse engineering of the grating index profile. Applications and practical limitations of the model are discussed in Section 4. Finally, Section 5 summarises results and suggests directions for future work.
Numerical Model

The Physics of Long Period Gratings
Periodic perturbation of the index profile of the fibre that defines fibre grating acts as a resonant scatterer on the incoming core mode. In consequence, the core mode periodically couples to other co-and counter-propagating fibre modes. The former is characteristic of the long period grating and the latter of the fibre Bragg grating, the difference stemming from a large difference in periods of these gratings. The vector sum of the propagation vector of the core mode and the reciprocal grating vector defines the propagation vector of the resonant mode. If the grating period is long enough its vector is shorter than the propagation vector of the core mode, and the coupled modes are copropagating. The opposite is the case for the short period grating (FBG). Both cases are shown in Fig. 2 . These are the most commonly used scenarios; for the full description see . Cladding modes excited by an LPG are irradiated at the interface between cladding and surrounding medium, which causes the losses observed as attenuation bands in the spectrum, Fig. 1d ). Resonant wavelengths are determined by the grating period and the order of the cladding mode. Coupling strength of the grating depends on overlap of the electric fields of the core and resonant cladding modes across the grating and the grating refractive index. It determines the magnitude of attenuation bands, the so called 'grating strength'.
Mathematical Model of the Long Period Grating
Given that it consists of a small change in the index profile of the fibre, an LPGs can be successfully treated by the perturbation theory, the adaptation of which to resonant systems is known as the coupled mode theory (CMT). It assumes that each mode excited by the grating can be represented as a linear combination of the eigenmodes of the unperturbed www.intechopen.com fibre. The wavelength at which the coupling to a specific cladding mode occurs is given by the phase matching condition
where eff co n and eff cl n are the effective mode indices of the core and cladding modes respectively, Λ is the beat length and λ is the resonant wavelength. This condition allows for the representation of the excited mode by one eigenmode of the fibre, thereby reducing the problem to the system of two coupled mode equations 
Here, the electric fields of the modes are normalised so that each mode carries 1W of power. Whereas the mode field profiles of the circularly symmetric fibres are well known, the modal analysis of PCFs is more demanding and requires numerical methods. System (2-3) is then readily solved to obtain the field amplitudes of the coupled modes along the fibre for a given wavelength (Snyder & Love, 2000; . Grating resonances are best visualised by constructing the grating characteristics --a family of curves Λ(λ) for different cladding modes over a range of wavelengths. Resonant wavelengths are then found in intersections of these curves and the line Λ=L representing the beat length equal to the grating period L. In general case, the grating is not perfectly sinusoidal, and the higher order terms in the Fourier transform of its refractive index must be taken into account. This results in the resonant condition Λ=L/N for the Nth order grating (Kashyap, 1999) . For the gratings with weak index modulation and narrow attenuation bands two-mode description is usually sufficient. These conditions are fulfilled in the majority of practical applications.
Numerical Model of the Photonic Crystal Fibre
The starting point in the fibre grating analysis is the characterisation of the modes supported by the fibre. PCFs studied here have a hexagonal ‚holy' photonic crystal as the inner cladding and a solid core produced by omitting the central hole. These fibres have been represented by the model based on the effective refractive indices of the core and the photonic crystal cladding (Russell, 2003) . Due to the presence of air holes effective index of the cladding is lower than the index of the core, which keeps the light confined to the core. However, the analogy with the step-index fibres is not complete as there is no clear boundary between the core and the cladding. Due to the complex geometry of PCFs and the high refractive index contrast between the pure silica and air holes, modes of these fibres are most accurately calculated by solving Maxwell's equations by a full-vectorial numerical solver. A comparison of the different numerical methods used to study PCFs can be found in (Uranus & Hoekstra, 2004) . A problem in hand imposes additional constraints on the choice of the method. In our case, the analysis of LPG in air and its sensitivity to the refractive index of the surrounding medium, precludes the use of methods that assume infinite photonic crystal, e.g. the super-lattice method. As opposed to the typical problems of nonlinear optics and transmission, which are mainly concerned with the propagation of the core mode, the intrinsic property of LPG to couple the core to the cladding modes requires accurate calculation of the propagation constants and field profiles of many modes in the whole fibre cross section. Here we choose the finite element method which meets both requirements and offers additional benefits of simulating fibres of different geometries and fibres with random variations in hole diameters. The calculations were performed by the commercial software Comsol 3.1 (COMSOL AB). Eigenmodes and their effective indices were found by simulating the cross section of the fibre with the jacket removed and surrounded by air. The necessary resolution of the mesh in the photonic crystal was achieved by exploiting the fibre symmetry. Criteria for the choice of mesh parameters were convergence and accuracy of the effective refractive index.
Models of Grating Sensitivity
Long period grating response to the change in external parameter is observed as a shift in the resonant wavelength or/and as a change in magnitude or shape of the attenuation bands. In most cases, changes in temperature, strain and the refractive index lower than the index of fibre cladding cause wavelength shift, while bending and changes in refractive index to the values higher than the index of the fibre cladding cause changes in shape and magnitude of attenuation bands. In the former case, the grating sensitivity to parameter X can be calculated by linearisation of the grating characteristic of the resonant mode around the resonant wavelength and is given by expression
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The generalised sensing parameter γ is defined in (MacDougall et al., 1998; Shu et al., 2002) and accounts for the effects of the material and waveguide dispersion of the fibre,
The rightmost term in (6) shows a direct relation between γ and the slope of the grating characteristic. As the derivatives in the above equations are obtained numerically, this method will be referred to as semi-analytical. Change in an external parameter can have two major effects on an LPG: change in the grating period and in the refractive index of the fibre. If the index change is incorporated in the model of the PCF and the resonant wavelength found using the new grating period, the approximation made in the linear model is eliminated. Graphic representation of this solution distinguishes contributions of each effect as will be shown in the next Section. This method will be referred to as numerical. The most important assumptions made in the model are that the index change in the grating is small and that the symmetry of the fibre is preserved. The profile of the grating and the fibre itself are not restricted in any other way. Moreover, constraints imposed by symmetry can be dropped at the expense of the mesh quality and the calculation time. Nonuniform grating can be treated by transfer matrix method that uses CMT to evaluate transmission matrix of each uniform part. Therefore, the suggested numerical model of the wavelength shift based sensitivity applies to a vast majority of LPGs in practical use today.
Reverse Engineering of the LPG from its Spectrum
In this section we consider an actual index profile of the grating in more detail. The general types of perturbation are: (i) change in the refractive index of the waveguide and (ii) changes in the geometry of the fibre such as the change in hole radii, tapering, corrugation, Fig. 1a)-c) . Whereas gratings written in step-index fibres usually consist of the change in the refractive index of the photosensitive core, gratings written in PCFs are slightly more complicated. They comprise change in the refractive index across the fibre cross-section and the change in the geometry of the PCF, for example squeezing of holes induced by the strong electric-arc (Morishita & Miyake, 2004) . As the waveguiding principle of PCF lifts the requirement for the photosensitive core, all parts of the fibre can be made of the same material (usually silica) which makes them equally sensitive to the writing technique. Moreover, light scattering on the holes impairs precise focusing into the core of the PCF. Structure of the gratings in PCFs has been a subject of several studies, e.g. (Humbert & Malki, 2002; Fotiadi et al., 2007) . Here we describe method for nondestructive analysis of the grating profile based on spectral data taken during the grating fabrication. The idea behind the analysis is to establish a connection between the parameters of the induced index profile and the grating property which can be measured in a way that generates enough data to extract these parameters but that does not affect grating performance. The measurement of the dynamics of grating transmission spectrum during the fabrication is recognised as suitable since it is easily recorded and contains signatures of the values of coupling coefficients and detuning for a range of grating lengths. According to the CMT, grating transmission is a function of the coupling coefficients defined by (4). In its simplest form, which assumes that the detuning from the resonant wavelength is balanced by the dc coupling, the expression for the grating transmission is given by
www.intechopen.com Δ . This model reflects the guiding principle of the studied PCF. Nevertheless, it should be noted that the average index of the photonic crystal that features in our model is not equivalent to the effective index of the crystal used in the model of ESM PCF in (Birks et al., 1997) , as the latter is based on the propagation constant of the fundamental space-filling mode of the photonic crystal.
Example: LPG in PCF fabricated by Electric Arc
Description of the device
Long period grating in endlessly single mode ESM 1550-01 PCF reported in (Dobb et al., 2004 ) is studied as an original example of the grating insensitive to temperature and simultaneously sensitive to other external parameters. The fibre was made from pure silica with four rings of hexagonally arranged air holes with the space between adjacent holes being 8µm. The central hole was omitted to form the core, Fig. 3a ). The filling factor was 0.46. A series of LPGs with different periods were inscribed by exposing the PCF to the electrical discharge provided by a commercial splicer (Fitel S175 v2000) . A detailed inspection of the grating by the phase microscope did not reveal any change in the hole size. The LPG with period 500µm and length 25.5mm is studied in detail. Its transmission spectrum, shown in Fig. 3b ), features two pronounced attenuation bands at 1402nm and 1239nm. Increase in the grating period causes a blue shift in the wavelength spectrum, in contrast to LPG behaviour in conventional single mode fibre, but similar to other LPGs in PCFs (Morishita & Miyake, 2004) . Since neither the grating spectrum nor the bending sensitivity indicated any birefringence, the original hexagonal symmetry of the fibre was considered unaffected by the electric arc.
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Grating Spectrum and Resonant Modes
Calculation of the modes of ESM-1550 PCF is facilitated by its hexagonal symmetry. It belongs to the so called C 6ν symmetry group, which means that its modes can be divided into eight symmetry classes: non-degenerate classes 1, 2, 7, 8 with the irreducible zone angle of π/6 and degenerate classes 3, 4, 5, 6 with the irreducible zone angle of π/2. Four classes in each group are the result of permutations of the two boundary conditions: perfect magnetic www.intechopen.com (McIsaac, 1975) . The effective index of the core mode was calculated with the accuracy better than 2⋅10 -7 and the effective indices of cladding modes with the accuracy better than 10 -6 . Examples of fibre modes and irreducible zones are shown in Fig. 4 . Modal map of the fibre is used to construct the grating characteristic shown in Fig. 5 . It confirms the experimental observation that an increase in the grating period causes blue shift in the resonant wavelength. In the given wavelength range such behaviour is characteristic of PCFs and has been explained in (Morishita & Miyake, 2004) . Resonant wavelengths of the first order grating are found at intersections of these curves with the line Λ=L, where L is the grating period. Fig. 4b) shows the intensity profile of the quasi LP mode that has been identified as resonant at 1402nm. The strain-optic coefficient ε η accounts for the change in the refractive index of the fibre due to the applied strain. It was derived from the change in the optical indicatrix for the field polarized perpendicularly to the direction of the applied strain (Hocker, 1979) (Guenther, 1990) and
is the Poisson's coefficient for pure fused silica. The calculated sensitivity to strain was -1.57nm/mε. The numerical solution was based on the change in the refractive index of silica caused by the maximal strain applied in the experiment ε max =2mε. The beat length of the strained fibre was calculated in the range of 8nm around the resonant wavelength. The new resonant wavelength was found by interpolation of the Λ curves at the points determined by the new grating period
. From Fig. 6 it can be seen that both the contribution from the elongation of the grating and from the strain-optic effect lead to a blue wavelength shift, the former having the major effect. Figure 6 . Numerical solution for the shift in the resonant wavelength of the LPG in ESM PCF due to the applied strain. * -unstrained fibre, • -fibre under strain of 2 mε. Arrow -overall wavelength shift. Inset: Measured sensitivity to strain (Dobb et al., 2004) The model was validated by comparison to the experimental results. The strain response of the LPG in ESM 1550-01 was linear with the sensitivity of -2.08±0.05 nm/mε, as shown in Fig. 6 . The numerical result for the sensitivity of -1.85 nm/mε differs from the measured value by 11%, which is better than the error of the semi-analytical result of nearly 25%. Along with the experimental error of 2.4%, the discrepancy between the theoretical and experimental results can be attributed to several neglected effects: inhomogeneous distribution of strain in the PCF caused by the presence of air holes, change in the geometry of the fibre profile due to strain, dispersion of the strain-optic coefficients and the neglected average change in the refractive index of the grating, (Petrovic et al, 2007 a) .
Sensitivity to Temperature
Similarly to strain, the expression for the LPG's sensitivity to temperature is a specific case of the generic expression given by (5) ) ( (Hocker, 1979) . For the www.intechopen.com range of temperatures applied in the experiment (20°C-90°C) the maximal change in the refractive index is 5·10 -4 , hence under the assumption of linear grating response the derivatives already calculated in the previous section could be used. The semi-analytical model gave sensitivity to temperature of 3.8pm/°C. The numerical solution was obtained reusing the curves from Fig. 6 and following the steps outlined in the previous section. The calculated change in the grating period of -19.23nm, Fig. 7 , corresponds to the sensitivity of 4.0pm/°C. Figure 7 . Numerical solution for the sensitivity of the LPG in ESM PCF to temperature. Solid line -grating at the room temperature, dotted line -grating temperature decreased by 77°C. Note the difference in the wavelength shift here and that in Fig. 6 Waveguide dispersion of the resonant mode is such that the thermo-optic effect and the thermal expansion of the fibre cause wavelength shifts of the opposite signs. Although the thermo-optic effect dominates the effect of linear expansion of the fibre, it is itself small because both core and cladding modes are guided mostly through the silica so that their effective indices undergo almost the same change and lead to the small value of the derivative n n eff ∂ ∂ . This explains the very low sensitivity of the LPG to temperature reported in (Dobb et al., 2004) . The sign and the order of magnitude of the calculated wavelength shift agree with the experimental result, but the calculated sensitivity overestimates the experimental value 2±1pm/°C. This disagreement is partly due to the large error in the linear regression caused by scattering of the experimental data and partly due to the neglect of the average index change in the model of LPG and linearisation over the large temperature span.
Reverse Engineering of the Grating Index Profile
The model explained in Section 2.4 was used to find the impact of the electric arc on the ESM PCF. Experimental result of H. Dobb (inset in Fig. 8) shows no wavelength shift during the grating growth. According to the theory in (Erdogan, 1997 b) this justifies application of Eq. (7) to the grating used in this example. Fit of the numerical results to these measurements gave an estimate of relative decrease in the hole radius of 0.07% and of change in the refractive index of silica of -3⋅10 -4 . The former was confirmed by observation by the phase microscope. The latter can be explained as follows. Decrease in the index of core equals decrease in the index of silica, while the index of cladding decreases less due to the contribution of the air holes to it. Consequently, index difference between the core and the photonic crystal decreases and the confinement of modes weakens causing the increase in overlap of the core and inner cladding modes. This enables coupling between the core and cladding modes necessary for the operation of LPG. 
Discussion
Without or with minor modifications the described model can be applied to practically any LPG in ESM PCF. Here we access the generality of the basic model of the grating as well as its further applications in sensing and index profiling. The calculation of fibre modes and their propagation constants represents the main challenge. Finite element method enables calculation of eigenmodes of fibres with different photonic crystals, fibres with random fluctuations in the hole size that may be introduced during the fabrication process and of asymmetric fibres. Furthermore, the grating characteristic, resonant wavelengths and sensitivity can be reasonably well estimated without knowing the exact grating index profile. The knowledge of the exact grating profile could be inserted to the model to improve accuracy of these calculations. On the other hand, for the inverse engineering of the grating correct assumption on the induced index change is crucial. If the information on the grating profile is not available, estimate of the index change obtained by averaging explained in Sec. 2.5 can be used in the model of the PCF as a new input condition. As stated above, the geometry of the simulated fibre can be altered easily, hence calculation can be reiterated and the model of grating refined until the match with experiment becomes satisfactory. Incorporation of the problem related physical effects, which are usually neglected at the first instance, can also improve the accuracy of the model. A good example is the sensitivity to strain, the results for which can be refined by taking into consideration the inhomogeneous distribution of strain in the cross section of PCF caused by the presence of the air holes and the dispersion of the strain-optic coefficients. Implementation of the proposed model is application driven, e.g. for the calculation of the sensitivity based on the wavelength shift the knowledge of the real part of the mode propagation constant is sufficient whereas the calculation of the light power irradiated from the fibre due to the LPG requires knowledge of the complex propagation constant. Generality of the model is not always desirable as it can lead to ambiguity. Without experimental input, it can be wrongly concluded that all the gratings inscribed in the same fibre with the same period have the same resonant wavelengths. LPGs in PCFs are particularly sensitive to such claims, mainly due to the possible change in the fibre geometry as well as the refractive index which both shift the propagation constants of the fibre. Direct writing, e.g. by femtosecond laser, can easily induce asymmetry in the fibre. If this is ignored, the results will fail to give any information on grating birefringence. Therefore, results obtained from the model should be considered only in conjunction with the information on grating fabrication, measured spectrum and index profile.
Conclusion
A general numerical model of long period gratings fabricated in photonic crystal fibres has been presented. It has been illustrated by the example of the grating fabricated by an electric arc in ESM PCF. The generality of the model stems from its capability to simulate LPGs in PCFs of different geometries and composition. Model has been applied to calculate sensitivity of the grating to an external parameter and the examples of temperature and strain sensitivity have been given. To facilitate studies of the structure of these LPGs, the tool has been added to the model, which enables reverse calculation of the parameters of an assumed grating index profile from the recorded growth of grating transmission spectrum during the fabrication. Due to the flexibility of the finite element method the actual index profile of the grating can be easily incorporated into the model. This is particularly important in the calculations of grating strength which requires the calculation of the coupling coefficients, hence the resonant mode profiles. While the model enables straightforward analysis of a variety of gratings and their sensitivity, its implementation depends on the index profiles of the grating and fibre in hand and its refinement depends on the goal of the study. A general refinement strategy would be to replace the model of unperturbed fibre by the average of perturbed and unperturbed index profiles of the fibre along the grating. However, in practice, measuring the index profile usually implies destroying the device. The procedure for nondestructive index profiling suggested here can be used instead. As its accuracy depends on the model of the index change induced during the grating fabrication, which is based on experimental observation and measurement, the optimal method should close the loop between the experiment and theory, the loop within which they help and benefit most from each other.
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